CP violation due to interference between K L and K S decays into π + π − γ is analyzed in the Standard Model. The CP-violating parameter ǫ ′ +−γ , which is the difference between η +−γ and η +− , receives dominant contributions from K 0 −K 0 mixing and the gluon penguin diagram; its magnitude is calculated to be 10 −2 ǫ at a typical region of the Dalitz plot.
diagram; its magnitude is calculated to be 10 −2 ǫ at a typical region of the Dalitz plot.
Genuine direct CP violation in K L → π + π − γ decay originating from the electromagnetic penguin diagram is of order 10 −4 ǫ.
Recently, interference between K L and K S into the final state π + π − γ has been observed for the first time in experiment 731 at Fermilab [1] . A new CP-violating parameter η +−γ to be defined later is extracted from this experiment to be (2. The radiative decays K → ππγ receive two distinct contributions: inner bremsstrahlung (IB) and direct emission (DE) . Under Lorentz and gauge invariance, the general expression for the decay K(k) → π(p 1 )π(p 2 )γ(q, ǫ) reads
where
The first term in A DE is caused by a pure magnetic transition, while the second term corresponds to an electric transition. The coefficients A, B and C are in general momentum dependent. In the leading multipole expansion, B corresponds to a magnetic dipole (M1) transition, whereas A, C to electric dipole (E1) transitions. From chiral perturbation theory (ChPT) point of view, DE amplitudes are of most interest because they provide an ideal place to test higher-order weak chiral Lagrangians. In ChPT, the DE radiative decay K → ππγ cannot be generated from the lowest order p 2 chiral Lagrangian because Lorentz and gauge invariance requires at least three powers of momenta in the amplitude.
The most general p 4 CP-invariant ∆S = 1 non-anomalous electroweak chiral Lagrangian with one external photon field which satisfies the constraints of chiral and CP S symmetry
for normal intrinsic parity transitions, while anomalous Lagrangian terms for the odd intrinsic parity sector are [4] 
is an SU(3) R singlet, and
In Eqs.(4) and (5), g 8 is the octet weak coupling constant appearing in the lowest order
Presently, there is only one experimental information on the couping constants appearing in
non−anom . From the BNL measurement of the K + → π + e + e − decay rate [5] , one finds a scale-independent result
where L 9 is one of the coupling constants in the p 4 strong-interaction chiral Lagrangian coupled to the external vector and axial-vector gauge fields [6] . When combining with the empirical value of L 9 = 6.7 × 10 −3 at the renormalization scale µ = m ρ [6] , this leads to
where the superscript r means renormalized coupling constant.
In principle, the unknown coupling constants ω 1 , ω 2 , a, b and c should be determined from various low-energy hadronic processes. However, in the limit of large N c (N c being the number of quark color degrees of freedom), these couplings become theoretically manageable at least to the zeroth order of α s [4] . This is based on bosonization, factorization, and the ∆S = 1 effective weak Hamiltonian at the quark level. It is found that in the large-N c
and
The result (11) first obtained in Ref. [4] was recently confirmed by Ref. [7] . Several remarks 
We now focus on the decays K L,S → π + π − γ. For reasons to be explained later, the ω 1 term in L
∆S=1
non−anom does not contribute to any radiative decays of K L,S with a real photon emission.
2 A different large-N c prediction ω 1 = ω 2 = 8L 9 is obtained in Ref. [8] .
In the limit of CP symmetry, the ω 2 term does not contribute to
transitions. Unfortunately, one cannot make a definite prediction for the direct emission of
− γ despite the fact that it is originated from chiral anomalies. This is because the π 0 and η pole contributions cancel each other due to the Gell-Mann-Okubo mass relation
, a phenomenon also known to the decay K L → γγ (for a review, see Ref. [10] ). Therefore, contrary to the common belief, anom . In the absence of knowledge of the p 6 Lagrangians, no reliable prediction on the
In the presence of CP violation, K L is allowed to have an E1 transition into the final state π + π − γ. Possible CP-violating effects in ππγ decay of neutral kaons have been studied by many authors [14, 15] . Some effects such as asymmetry between π + and π − spectra, photon polarization, require going beyond the dipole approximation and are expected to be small. At the leading dipole level, CP nonconservation can be observed through the
is widely assumed to be dominated by pseudoscalar meson poles in the literature; needlessly to say, this assumption has no ground in ChPT. 4 This number is obtained from Eqs.(4.21) and (4.11) of Ref. [4] . Since we are working in the leading order in 1/N c expansion, chiral loops can be neglected. 5 The SU(3)-singlet η ′ is integrated out in ChPT, but its effect on K L → π + π − γ will manifest in the coefficients of higher order Lagrangian terms. In practice, the pole amplitude is evaluated at the p 4 level by explicitly incorporationg the η ′ pole. Theoretical uncertainties include SU(3) breaking in the decay constants f η , f η ′ and in the matrix element < η|L W |K > [12] , η − η ′ mixing angle, and nonet-symmetry breaking in the matrix element < η ′ |L W |K > [13] .
interference [15] . It is natural to consider the CP-violating parameter
Note that M1 transitions do not play a role here. Since K S → π + π − γ decay is predominated by IB, as will be shown later, and since IB amplitudes have the expressions
we are led to
write the wave functions of K L,S as
where the parameterǭ (though not physical) measures the amount of CP violation in the neutral kaon wave functions. It follows from Eq.(15) that
As ǫ ′ +−γ does receive contributions from CP nonconservation in K 0 −K 0 mixing, it is not a pure "direct" CP-violating effect. We will come back to this point later.
Even at this stage, we can make a crude estimate on the magnitude of ǫ ′ +−γ simply based on the experimental observation of the decay rates of IB and DE in K L and/or K + . First of all, the two terms in the parentheses of Eq.(17) are of order ǫ. Second, the DE rate is naively expected to be suppressed relative to that of IB. However, IB of K L → π + π − γ is subject to CP violation as can be seen from Eq. (14) . Likewise, the IB amplitude of
transition and is thus suppressed by a factor of A(K S → ππ(I = 0))/A(K S → ππ(I = 2)) ∼ = 22. Consequently, the DE rates in the ππγ decays of K L and K + are not very small compared to that of IB, and they even dominate in the K L case. This explains why structure-dependent DE effects can be practically seen in the radiative decays of K L and K ± . Experimentally [11, 16] ,
The decay K + → π + π 0 γ has a larger IB rate because the ∆I = suppression is less severe than the corresponding CP-violation one in the counterpart of suppression. As a consequence, this decay mode is totally dominated by the IB mechanism.
Although the ratio of A( 
We first focus on the gluon-penguin diagram. The lowest order CP-odd ∆S = 1 weak Lagrangian reads
The Gell-Mann matrix λ 7 ensures that the decay K 2 → ππ is allowed by L − W , but not K 1 → ππ. Unlike the CP-even octet coupling constant g 8 , the CP-odd one g 
where Q 1 = (sd)(ūu), Q 2 = (su)(ūd), with (q i q j ) ≡q i γ µ (1 − γ 5 )q j . Since the bosonization of the quark current (q i q j ) is
(3.13) of Ref. [4] for higher order corrections), it follows that the leading-order chiral representation of (
Im(V * is V id )I i , but it turns out that we do not have to know the exact expression of the penguin coefficients I i . The argument goes as follows. Starting from Eq. (21) and following the prescription in Ref. [4] for the derivation of large-N c p 4 electroweak chiral Lagrangians, it is easily seen that the relevant CP-odd p 4 Lagrangians have the same structure as the CP-even ones L
non−anom and L
anom given before except for the replacement of g 8 by ig ′ 8 and the Gell-Mann matrix λ 6 by λ 7 . For example, the CP-odd p 4 non-anomalous terms can be read directly from Eq. (4) as
It follows from Eqs. (4) and (22) that
However, from Eqs. (7) and (20) we obtain
This together with (23) leads to
where A 0 ≡ A(K 0 → ππ(I = 0)) and use of CP |K 0 >= −|K 0 > has been made. This, when combining withǭ, gives rise to precisely the well-known CP-violating parameter ǫ [18]
6 To the first order in chiral expansion, the penguin operator Q 6 is equivalent to −4( 
with M Up to now, we have 
, and
Since the chiral realization ofsγ 23 , it is straightforward to show that the chiral representation ofsγ µ (1 − γ 5 )d∂ ν F µν is exactly the ω 1 term in Eq. (4) [3]. Of course, besides the short-distance s → dγ effect, the coefficient ω 1 also receives long-distance contributions. However, the fact that ∂ µ F µν = 0 for a real photon emission suffices to lead us to conclude that, as was promised before, the
does not contribute to any radiative decays of neutral kaons with one on-shell photon, as can be explicitly checked.
The tensor operator
where F (x i ) is obviously dominated by the top quark. Note that the matrix element < π + π − |sσ µν γ 5 d|K 0 > is related to < π + π − |sσ µν d|K 0 > through the identity
Therefore, the general expression for the matrix element of the tensor operator Q T reads
Our task is to evaluate the coefficient β. It is interesting to note that the K 0 → ππ amplitude [20] . Previously, this amplitude is evaluated through the use of current algebra and the bag-model calculation of the K − π transition, but it is subject to large theoretical uncertainties (for a review, see Ref. [21] ). Here we will follow Ref. [22] to use the chiral language to get an estimate of the coefficient β.
The lowest order chiral realization ofQ T is Tr(λ 6 U). One may be tempted to think that β is thus fixed in this way. However, this is not the case. The reason is being that an additional tadpole diagram arising from the strong Kπ → Kπ scattering followed by a K → vacuum weak transition should be included [23, 21] , and it exactly compensates the direct
to the lowest order in chiral symmetry also can be understood from the chiral point of view of Q T . As pointed out in Ref. [22] , in order to write down its chiral representation one needs at least three U matrices to get two derivatives to match with F µν . Hence, the CP-violating K L → π + π − γ decay induced by the s → dγ mechanism is necessary of higher order chiral effect.
The chiral structure of O T is not the same as L
anom since it vanishes in the chiral limit. Among many possible realizations, a typical one for E1 transitions is [22] 7
There are of course other chiral terms for M1 transitions, but as noted in passing, the M1 amplitude is related to the E1 one through Eq.(33). The coefficient γ is estimated by naive dimensional analysis to be f π . 8 For our purpose of estimation, it suffices to apply (34) to fix the parameter β. We find
and hence
Note that the same result is obtained by working out the higher order realization of the operatorQ T . In the Chau-Keung parametrization of the quark-mixing matrix [25] ,
where we have adopted the notation of the Particle Data Group [16] . Putting everything together, we get
As for the DE amplitude of K 1 → π + π − γ, we obtain from Eqs. (4) and (10) 
Numerically, we thus have
7 The charge matrix Q given in Ref. [22] is diag(1, 0, 0). We use this chance to point out that a crucial factor of (1/4π) is likely missing in Eq.(15) of Ref. [22] . Consequently, CP-violating asymmetry for K ± → π ± π 0 and K ± → π ± π 0 γ is overestimated there by a factor of (4π) 2 . 8 There are several slightly different versions of naive dimensional analysis; we use the updated one [24] .
Note that the sign of the coefficient γ or β is not fixed by this method. 
Finally, we need to know the ratio of A(
which is obtained from Eqs. (14) and (39) to be
In principle, this ratio and hence ǫ ′ +−γ is maximized at the region of the Dalitz plot where the photon has its highest energy. However, we instead choose a typical Dalitz point, say 
This together with the experimental value [26] A(K S → π + π − ) = 3.88 × 10 −7 GeV,
and Eqs.(42), (43) yields 
Note that an estimate of ǫ ′ +−γ ∼ 10 −2 ǫ is also reached in Ref. [12] but with a different reasoning.
We conclude that ǫ ′ +−γ receives dominant contributions from K 0 −K 0 mixing and the gluon penguin diagram, and its magnitude is estimated to be 10 −2 ǫ at a typical Dalitz point.
Genuine direct CP violation in K L → π + π − γ decay originating from the electromagnetic penguin diagram is of order 10 −4 ǫ. This is close to the expected lower bound of the direct CP-violating parameter ǫ ′ in the two pion decays of neutral kaons in the Standard Model.
